We compute the operator product expansion (OPE) between the spin-4 current and itself in the W D 4 coset minimal model with SO(8) current algebra. The right hand side of this OPE contains the spin-6 Casimir current which is also a generator of W D 4 coset minimal model. Based on this N = 8 result, we generalize the above OPE for the general N(in the W D N 2 coset minimal model) by using two N-generalized coupling constants initiated by Hornfeck sometime ago: the simplest OPE for the lowest higher spin currents. We also analyze the similar OPE in the W B 3 (and W B N−1 2 ) coset minimal model with SO(7) current algebra. The large N 't Hooft limits are discussed. Our results in two dimensional conformal field theory provide the asymptotic symmetry, at the quantum level, of the higher spin AdS 3 gravity found by Chen et al.
Introduction
In the Gaberdiel and Gopakumar proposal [1, 2] , the W A N −1 minimal model conformal field theory is dual, in the 't Hooft 1 N expansion, to the higher spin theory of Vasiliev on the AdS 3 coupled to one complex scalar. The higher spin gauge fields in the bulk AdS 3 couple to a conserved higher spin currents (whose charges form an extended global symmetry of the conformal field theory) in the boundary theory. See the recent review papers [3, 4] .
The SU(N) spin-3 Casimir construction in the W A N −1 minimal model (described in terms of a coset) has been found in [5] . The four independent cubic terms are made of the spin-1 currents in the two factors in the numerator of the coset. Then the OPE between the spin-3 current and itself generates the spin-4 current [6] which consists of quartic terms and quadratic terms with derivatives in terms of above spin-1 currents. Furthermore, the SO(N) spin-4 Casimir construction in the W D N 2 and W B N−1 2 minimal models [7] is found in [8] with the observation of [9, 10] . The quartic terms, cubic terms with one derivative and quadratic terms with two derivatives in the spin-4 current (with two unknown coefficient functions) are given in terms of the spin-1 currents in the two factors in the numerator of the coset. It is natural to ask what happens when one computes the OPE between the spin-4 current and itself.
In this paper, we compute the OPE between the spin-4 Casimir current and itself, the simplest OPE for the lowest higher spin currents, in the W D N 2 coset minimal model with N = 8. During this computation, the spin-6 Casimir current arises on the right hand side of this OPE and the two unknown coefficients in the spin-4 current are fixed. We would like to generalize the above OPE for the general N by using two N-generalization coupling constants [11] . We also analyze the similar OPE in the W B N−1 2 coset minimal model. As described in [11] , the findings over there did not answer for what kinds of the field contents for W D 4 (or W B 3 ) algebra are present. In this paper, one sees the field contents for the higher spin currents, explicitly, living in the specific coset model we are considering.
In [12] , they started with the most general ansatz for the OPEs between the spin-4, spin-6, spin-8 currents and determined the various structure constants using the Jacobi identities between these higher spin currents. This can be classified by the approach 1 in the context of [13] . With the identification of the above algebra as Drinfeld-Sokolov reduction (can be described as the approach 2 in [13] ) of higher spin algebra, they applied to the coset model by comparing the central charge and the self-coupling constant of the spin-4 current. However, it is not clear how one can see the explicit form for the higher spin currents on the coset model. Since the approach 3 in [13] we are using is based on the specific model and the higher spin currents are made of the fields in the coset model, one can analyze the zero mode eigenvalue equation which is necessary to describe the three-point function with real scalar as in [14, 15, 8] . Note that the zero modes satisfy the commutation relations of the underlying finite dimensional Lie algebra.
According to the result of [16, 13] , one expects that the additional currents as well as
) currents with arbitrary levels appear. As one puts one of the levels as one, then this extra current in the OPE disappears completely. In the spirit of [3, 17] , one can think of more general algebra rather than conventional W A N −1 (or W D N 2 ) algebra: the existence of additional higher spin currents. One of the levels in this general coset model is not equal to 1. Then one cannot use the isomorphism between the coset construction and the Drinfeld-Sokolov reduction, explained in [12] , because this isomorphism restricts to have one of the levels as 1 [13] . This implies that for this general coset model with levels (k, l), one cannot follow the procedure developed in [12] directly 1 . Our presentation in this paper will give some hints in order to describe the general coset model with levels (k, l) in two dimensional CFT. In section 2, we review the diagonal coset minimal models and describe the spin-2 current with the central charge. In section 3, by taking the OPE between the spin-4 currents, we construct the spin-6 current in the W D N 2 minimal model with N = 8. By realizing the presence of two structure constants which depend on the general N, the OPE between the spin-4 currents which is valid for any N is given.
In section 4, we describe the similar OPE in the W B N−1 2 minimal model. In section 5, we summarize what we have found and comment on future directions.
In the Appendices, for convenience, we present the relative coefficient functions in terms of two undetermined ones for each minimal model. These appeared in [8] previously.
During this preparation, we have noticed that the work of [12] has some overlaps with our work although they did not consider the explicit realizations we are using. Furthermore, we 1 In other words, the direct construction using the Jacobi identity (without knowing the realization of the higher spin currents) is not connected to the Casimir (coset) constuction directly. This implies that even though one has the self-coupling constant for the spin-4 current from the work of [11, 12] , the coset construction itself (a realization in the specific coset model) is interesting in order to identify a complete set of generating currents which will have larger symmetry. Once we determine the lower higher spin currents using the coset construction explicitly, then the next undetermined higher spin currents can be generated, in principle, by computing the OPEs between the known higher spin currents repeatedly (i.e., by analyzing the various singular terms). In general, this procedure will be quite involved. Contrary to the approach 1 (which can be done only if one knows the number of currents with given spins), the resulting extended algebra via the approach 3 is associative by construction and therefore we do not have to check the Jacobi identities separately. It would be interesting to study this more general coset model and its AdS 3 gravity dual which will be beyond the scope of this paper.
also have noticed the presence of a previous work by Hornfeck [11] independently before their paper came out.
We are heavily using the package by Thielemans [18] .
2 The GKO coset construction: Review
For the diagonal coset model . Their OPEs [19] are
and
3)
The spin-1 field, J ′ab (z) with level (k + 1), that generates the affine Lie subalgebra H, is given by
The Sugawara stress energy tensor for the coset (2.1) is, with (2.4),
The OPE between the spin-2 currents (2.5) is given by
The central charge in the highest singular term in (2.6) is given by
The higher spin Casimir currents of spin 4 in W D N 2 and W B N−1 2 minimal models were constructed in [8] . In next sections, we will compute the OPEs between these spin-4 currents in each minimal model.
3
The OPE between the spin-4 current and itself in W DN 2 minimal model with even N In [8] , the spin-4 current is determined, with two unknown coefficient functions, by
where the coefficient functions are given in (A.1). Let us first consider the particular N = 8
It is straightforward to compute the OPE between this spin-4 current (3.1) and itself for given the basic OPEs from (2.2) and (2.3). We present the final result and then describe the details we use
2 In this case, the currents are given by the spin-4, the spin-6 currents as well as the spin-2 current. Moreover, there exists one additional spin-4 current. For general N , this last current has a spin- 
Let us first consider the highest singular term. From the explicit structure of the eighth-order pole, one obtains the following expression 
coming from the central charge (2.7), one determines the unknown coefficient c 10 as follows:
We also express the coefficient c 10 in terms of the central charge (3.4) for convenience. Therefore, the central term is given by as in (3.2). The next singular term, seventh pole, does not have any nonzero fields. In the sixth order pole, there exists a spin-2 current T (w) with coefficient 2 which is a structure constant between the spin-4, the spin-4 and the spin-2 currents. In the fifth order pole, one obtains the descendant field ∂T (w) of T (w) with the coefficient function is known from the spins of the current V (z), the current V (w), the current T (w) and the number of derivatives in the descendant field [22, 23, 13, 17] .
In the fourth order pole, one also has a descendant field originating from the spin-2 current T (w) appeared in the higher-order singular term with known coefficient 3 20 
. Furthermore, one expects that there exist a spin-4 quasi primary field as well as the spin-4 primary field V (w) by remembering the OPE of spin-4 currents in the extended conformal algebra [24, 25, 26, 23, 27] , denoted by W(2, 4) along the line of [13] , where the higher spin current is of spin-4
3 . Then it turns out that the fourth-order pole is given by the one in (3.2) and the self-coupling constant for the spin-4 is given by
where we also write down C 4 44 in terms of the central charge. One can also determine the remaining unknown coefficient function c 8 as follows:
with (3.5). Of course, the structure constant (3.6) is different from the corresponding one in the W(2, 4) algebra as in [13] . For the W D 4 algebra, the field contents are given by the spin-4, the spin-4 and the spin-6 currents as in footnote 2 while W(2, 4) algebra contains only the spin-4 current. The above structure constant (3.6) coincides with the general-N dependent structure constant found by Hornfeck by substituting N = 8 with
Recently, this expression is reproduced in [12] .
In the third-order pole, there are no additional spin-5 quasi-primary fields. There are one descendant field coming from T (w) and two descendant fields coming from spin-4 quasi primary and primary fields.
3 If one does not know the field contents in the fourth-order pole, one can follow the method done in [17] . One performs the OPE between the spin-2 current T (z) and the fourth-order pole subtracted by 3 10 ∂ 2 T (w) and focus on the fourth-order pole. Then one has nonzero T (w) term on the right hand side of OPE. This indicates that one can consider the extra quasi-primary field containing T 2 (w) term with derivative term because the OPE between T (z) and T 2 (w) provides a term T (w) in the fourth order pole. The coefficient − 3 10 in the derivative term can be checked via the vanishing of third-order pole in the OPE with T (z). Then it is simple to compute the OPE between T (z) and the fourth-order pole subtracted by . Of course, one should compute the OPE between T (z) and ∂ 2 T (w) explicitly in order to obtain this result.
Now we are ready to consider the next second-order singular term 4 . One expects that there should be a spin-6 primary field which is a generator of W D 4 minimal model. The first line of the second-order pole in (3.2) is known and the remaining three terms are characterized by three spin-6 quasi-primary fields 5 . Although the V -independent terms are characterized by ∂ 4 T (w), ∂ 2 T T (w), T 3 (w) and ∂T ∂T (w)(these are all possible spin-6 fields coming from th spin-2 current T (w)), it is very important to split two descendant terms and two quasiprimary fields in order to find out the new quasi-primary fields for given pole. These also arise in the W(2, 4) extended conformal algebra. Then finally, we are left with a spin-6 primary field where 9) and coeff(k) is a complicated function of k and we do not present it here.
In order to determine the normalization for the spin-6 current, one should compute the highest singular term from the OPE between the current (3.9) and itself. However, it is not possible, at the moment, to do this because the spin-6 current has too many terms. By demanding that this central term should be equal to , one expects that one should obtain the normalization factor as follows: It took several months to compute the complete pole structures (up to second-order pole) with several personal computers. Although we have not checked the first-order pole explicitly, we expect that the firstorder pole in (3.2) is correct. The point is whether there exists an extra quasi-primary field of spin-7 or not. Since V (z) V (w) = V (w) V (z), one can reverse the arguments z and w in (3.2) with the insertion of some quasi-primary field of spin-7 and use Taylor expansions about the coordinate w. Then we have an explicit expression as in the Appendix of [16] . All the higher order terms greater than order-1 can appear as the derivative terms at the first-order pole. It turns out that the first-order term in V (w) V (z) appears as the first-order pole term in (3.2) and above spin-7 field with opposite sign. Therefore, one realizes that by comparing both sides, the above quasi-primary field of spin-7 vanishes. .2). Also note that the notation for the normal ordering we are using here is different from the one in [23] as emphasized in [17] . Sometimes there are several ways to express the quasiprimary field by using the identities
That is, H BS (z) corresponds to Ω(z) of [23] , P BS (z) corresponds to − 5 9 Γ(z), and (Ω BS − 1 3 P BS )(z) corresponds to ∆(z). Note that any linear combinations of quasi-primary fields for given spin provide a different quasi-primary field. The convention for the quasi-primary fields in [26] is the same as the one in [13] while the convention for the same quantity in [23] is the same as those in [12, 25] . 3N) ).
As pointed out by Hornfeck [11] , there exists also an extended conformal algebra W(2, 4, 6) in [27] which is nothing to do with the present case but is related to the next example W B 1 coset minimal model. By substituting N = 3 into the formula (3.8) and (3.11), the author could obtain the structure constants in [27] exactly. Note that the spin-4 and spin-6 currents are made of stress energy tensor and its N = 1 superpartner of spin 3 2 [13] . The explicit form is given in [28] . Furthermore, the author of [11] checked that the classical c → ∞ limit of (3.8) coincides with the one in [29] where the structure constant can be obtained from the one from W A N −2 minimal model 6 . Note that there exists a factor (c − 1) in the structure constant in (3.11). In other words, c = 1 implies that k = 1 or k = 2(1 − N). Then, for k = 1, the structure constant C 6 44 vanishes. This is kind of 'minimal' extension of conformal algebra [17] where the only higher spin current is of spin 4 while the higher spin current of spin-6 vanishes.
We claim that the lowest OPE between the spin-4 current in the W D N 2 coset minimal model is characterized by (3.2) where the central charge is given by (2.7), the spin-4 current is given by (3.1), the spin-2 current is given by (2.5), the structure constant C before. It would be interesting to obtain this spin-6 current which holds for arbitrary N. This can be done by computing the OPEs between the spin-4 currents (3.1) by hand.
The large (N, k) 't Hooft limit provides the following limiting value for the central charge [1, 9, 10] 
The self-coupling structure constant between the spin-4 currents in the W A N −2 minimal model is given by [30, 2] 18N +cN +8N 2 ) . By taking the c → ∞ limit, this leads to 2+N ) which is equal to the corresponding limit of (3.8) [29] . 7 We have checked the OPE (3.2) when N = 6 and realize that the result is exactly the same as ( Then the OPE (3.2) under the large (N, k) limit can be obtained by substituting (3.12) and (3.13) into (3.2) . See also the related works [32, 33] where the large (N, k) 't Hooft limit on the OPE was described.
Recently, the asymptotic symmetry of the truncated higher spin gravity in the context of black hole [34] turns out to be the classical W(2, 4) algebra. By changing the Poisson bracket into the commutators between Fourier modes, one obtains the various commutation relations.
Note that the Fourier mode of normal ordered product field is defined as the sum of product of each Fourier mode in [16] . On the other hand, one can take the classical c → ∞ limit for the OPE in (3.2). Any composite field of order n can contain only behavior. The quasi-primary field containing T 3 (w) term in the second-order pole has cubic term, quadratic term and linear term in T (w). The overall factor behaves as 1 c 2 under the large c limit. Therefore, the only cubic term can survive. See also [35, 32] where the similar limiting procedure was done. Eventually, one can check the classical version of (3.2) matches with the one in [34] by turning off the structure constant C 6 44 which appears in front of the spin-6 current on the right hand side of OPE 8 .
In other words, our OPE (3.2), at the quantum level, provides the asymptotic symmetry algebra in the bulk theory. The more general analysis in higher spin AdS 3 gravity corresponding to W D N 2 coset minimal model should produce the spin-6 current on the right hand side of OPE and the quantum behavior coming from the normal ordering in the composite fields should appear. Note that the OPE (3.2) holds for any N and is an exact (and complete) 8 For the W D 4 algebra, the structure constant (3.10) vanishes at c = 1 or c = − 656 11 . In [23, 27] , the W(2, 4, 4) algebra has been shown to be consistent with for these values c = 1 and c = − 656 11 . As we take c → ∞ limit with fixed N , the structure constant behaves as (C which is the ratio of each c 6 term in the denominator and numerator of (C 6 44 ) 2 . Therefore, for N = 6, this structure constant vanishes. One sees the behavior of the structure constant C . The W D 3 algebra reduces to the W(2, 4) algebra [34] . For N = 5, the above structure constant C 6 44 vanishes and from the footnote 10, the structure constant (C expression. Each higher spin current is made of Casimir operators that are constructed from the WZW currents. The spin-4 current has two undetermined coefficients and the complete form for the spin-6 current is not known.
4
The OPE between the spin-4 current and itself in W BN−1 2 minimal model with odd N In this case, the spin-1 field is realized by N free fermions [19, 36, 37 ]
The OPE between the fermions is given by
One can easily see the OPE (2.2) by using (4.1) and (4.2). One takes the other OPE (2.3).
The Sugawara stress energy tensor is given by (2.5) with diagonal current (2.4). The OPE satisfies (2.6) with the central charge (2.7).
The spin-4 current in [8] is, with two undetermined coefficient functions, given by One can write down these (4.6) in terms of (4.5) but the expressions are rather complicated.
From the fourth-order pole, one obtains the self-coupling constant for the spin-4 current (C This coincides with the results [38] from the quantum Miura transformation. It is easy to check that one also obtains (4.7) from (3.8) by putting N = 7. The classical c → ∞ limit of (3.8) coincides with the one in [29] where the structure constant can be obtained from the one from W A N −1 minimal model 9 .
Also one can read off the spin-6 current 8) where coeff(k) is a complicated function of k. One also expects that one obtains the following structure constant, after computing the OPE between the spin-6 current (4.8) and itself,
× (288 + 121k + 11k 2 )(816 + 407k + 37k 2 ). (4.9)
9 The self-coupling structure constant between the spin-4 currents in the W A N −1 minimal model is given by [30] 2N +cN +8N 2 ) . By taking the c → ∞ limit, this leads to 3+N ) which is equal to the corresponding limit of (3.8) with N replaced by N + 1 [29] .
One sees this expression from (3.11) by taking N = 7. Also this structure constant (4.9) appeared in [38] . The lowest OPE between the spin-4 current and itself in the W B N−1 2 coset minimal model is characterized by (3.2) where the central charge is given by (2.7), the spin-4 current is given by (4.3), the spin-2 current is given by (2.5), the structure constant C 4 44 is given by (3.8) , and the structure constant C 6 44 is given by (3.11) . For the spin-4 and spin-6 currents, we have found for particular N = 7 case (and N = 5 case) 10 . As described before, when N = 3 (i.e., W B 1 coset minimal model), the structure constants (3.8) and (3.11) produce the previous known results in [27] 11 . As before, the 'minimal' extension of conformal algebra arises for k = 1 where the only higher spin current is of spin-4 while the higher spin current of spin-6 vanishes.
Conclusions and outlook
We have found the OPEs It is an open problem to find the correct answer for the following interesting subjects.
• The full expressions of the spin-4 and the spin-6 currents at general N. So far, the spin-4 current is found, for general N, up to two unknown coefficients. This can be done only after one should compute the OPE between the spin-4 current and itself by hand. After doing this complicated long computation, one can extract the spin-4 current and the spin-6 current (up to an overall factor) completely. Or one can follow the method in [8] in order to obtain the spin-6 current by imposing that the OPE with diagonal current has no singular term and the spin-6 current is primary field under the stress energy tensor. It is nontrivial to exhaust all the possible terms coming from sextic-, · · ·, cubic-and qudratic-terms in WZW currents.
• The quantum Miura transformations and the corresponding higher spin currents. One can also find the higher spin currents using the quantum Miura transformation. Then it 10 We have also checked for the OPEs in W B 2 minimal model [39, 37] where the spin-6 current contains a term U ∂U (w) and U (w) is a spin- is straightforward to compute the OPE between the spin-4 and the spin-6 and the OPE between the spin-6 and itself. The nontrivial part in this direction is to obtain the primary fields under the stress energy tensor by combining the nonprimary fields with fixed spins.
Also it is interesting to see whether the other structure constants in [11] are correct or not.
• Any supersymmetric extensions? So far, the supersymmetric versions of minimal model holography are described in the recent works [40, 41, 42, 43, 32, 44, 33, 45, 46, 47, 48, 49, 50] . In particular, it would be interesting to see whether the W B N−1 2 minimal model can be generalized to the supersymmetric extension or not. In the coset model (2.1), one of the level is fixed by one. What happens if this level is given by N along the line of [17] ? As pointed out in [12] , it is an open problem to find out other supersymmetric coset minimal models.
• It is natural to ask whether the next higher spin-5 Casimir current in the context of [6] can be obtained from the OPE between the spin-3 current and the spin-4 current or not. It would be interesting to construct the spin-5 current explicitly. The coefficients c 8 and c 10 for N = 8 are determined by (3.7) and (3.5). We also obtained those coefficients for N = 6. For general N, they are not known so far. The coefficients c 9 and d 8 for N = 7 are determined by (4.6). For general N, they are not known so far. We also obtained those coefficients for N = 5.
